A variational characterization for the best approximtion element from linear subspaces in normed linear spaces is given.
Introduction
Let (X, || • ||) be a normed linear space and G a nondense linear subspace in X. Suppose xq E X \ Cl(G) and so G G. DEFINITION 
1.1.
The element SO will be called the best approximation element of XQ in G if Iko -soil = inf ||®o -sll and we shall denote by VG(XO) the set of all elements which satisfy (1.1).
The following classic characterization result due to I. Singer (see for example [19, p. 16]) holds. Another main result due to I. Singer is embodied in the next theorem 
where Bx* is the unit closed ball of dual space X* and S(Bx-) denotes the set of all extremal points of Bx* •
For some interesting consequences of this theorem see [19, p. 52-63] where more details are given.
Another characterization of the best approximation element in terms of the tangent functional T, i.e.,
r{x,y) := Um(||a: + iy|| -||®||)/i; x,yeX, z^O
is embodied in the following theorem [19, p. 
(ii) One has
(iii) We have the double inequality ii y (B) iff ||x + ay\\ > ||x|| for all a € R, which in the case of real prehilbertian spaces coincides with the usual orthogonality associated with the inner product.
By the use of Birkhoff's orthogonality, the following characterization of best approximation elements holds. LEMMA 1.5. Let X be a normed space, G its nondense linear subspace,
For other results in connection with best approximation element see the monograph [19] as well as the recent papers [6] , [7] , [11] and [12] .
An interpolating theorem
Let (X, || • ||) be a normed space. The mapping / : X -> R given by f(x) = is convex on X and thus there exist the following limits (see also [6] and [12] ):
The mapping (•, -)i(s) will be called the inferior (superior) semi-inner product associated with the norm || • ||.
The semi-inner product (•, -)i(s) has the following properties:
(iv) One has the inequality
for all x, y G X and z < 0 < t; 
for all x € G XQ := G©Sp(x 0 ), where \\f\\ Gxo := sup{|/(x)|/||x||, x G G XO } and A 0 := sgn f(x 0 ).
Proof. We need the following lemma which is interesting by itself (see also [6] )-
and go G Ker(/). The following sentences are equivalent:
(ii) One has the estimation-.
for all x € X and Ao := sgn/(xo).
Proof. (i)=>(ii)". Take go G 'PKei(f)( x o) and denote by wo :-xo -go-Then Wo ^ 0 and by Lemma 1.5 we deduce that wo -L Ker(f)(B).

Using the property (ix) of the s.i.p. (•,•)*(«) we have (y,wo)i < 0 < (y,wo) s for every y G Ker(/).
Fix x e X. Then the element y := f{x)wo -f(wo)x belongs to Ker(/), and by the above inequality, we deduce that
Using the properties of (•, )i and (•, -) s one has 
Similarly, by (2.3), we deduce that 
A variational characterization
The following theorem contains a variational characterization of best approximation element. To prove this theorem, we need the following lemma which is also interesting by itself. 
Now if we apply Lemma 3.2 for uq = /(xo)(xo -ffoVll^o -Soil 2 on the space GXo we conclude that uq minimizes the quadratic functional Ff on the space GXo.
(ii)=»(i). If uq given above minimizes the functional Ff on GXo, then by Lemma 3.2 we derive that the estimation (3.3) holds and, furthermore, the interpolation (2.1) is valid. Thus, by Theorem 2.1, we get that go € Vg, and the proof is completed.
Applications in the space C(D)
Let D be a compact Hansdorff set and C(D) the space of continuous real-valued functions defined on D with the norm ll/lloo = rnax|/(x)|. Then Z(f) is ¡/-measurable and for all /, g 6 L 1 {D, v), f ± 0 we have (see e.g. [18] ) that
Using Theorem 2.1. we can state the following characterization of the best approximation element in the space v). The proof follows by Theorem 3.1 applied to the space u). We omit the details.
For other characterization of best approximation element in concrete spaces see [1] , [3] , [14] , [16] [17] and [19] , where further references are given.
